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TOM TAT

Muc dich cta bai bdo nay la trinh bay mét dang tong quat cua tich dan (shuffle
product) va tich stuffle dwa trén mot tham s6 ¢ hoat dong trong truong mo rong
cua trueong cac s htru ti. Nhitng dai s6 Hopf tir d6 dugc hinh thanh twong ting doi
véi tich nay va ching t6i chitng minh ching dang cau véi dai s6 Hopf caa tich dan
ban dau.

Tw khoéa: Dai s6 Hopf; tich dan; dai s6 quasi-shuffle; dai sO trén tir vung.

1. GIOI THIEU

Tich dan (shuffle product) 1an dau tién xuat hién nam 1953 trong mot nghién ctru cua
Eilenberg va MacLane [9]. V6i moi bang chit cai (alphabet) A, tich dan ctia hai ttt dugc dinh nghia
truy hoi boi cong thirc!

Va,be A, u,v € A*, uwwlge =1ax wu=u, auw bv = a(uw bv) + blauw v). )
Ngay sau d6, vao nam 1954, Chen [1] da st dung tich nay d€ biéu dién tich phan lap con Ree [13]
chting minh duwoc rang cac chuodi khong giao hoan 1a nhitng ham mii ctia nhitng da thitc Lie xay
dung dua trén trén tiéu chuan Friedrichs. Chinh vi nhitng 1é d6 ma tich dan va da thitc Lie c6 m&i
quan hé chdt ché v6i nhau mo ra cac hudng nghién cttu sau hon sau nay (xem [14]). Hai mwoi
nam sau, vao nam 1973, Knutson da gidi thiéu mot tich khac 6 cdng trinh [12], goi la tich stuffle,

mang cau trac cua dai s twa d6i xting (quasi-symmetric). Tich stuffle dinh nghia trén bang chit
cdicdchisOY = {yk}kENzl:

Yk Yky € KU,U S Y*a Y U Yp, U = Yky (U’tij yk’zv) + ykz(yk'lu Lill}) + yk1+k2(ulil’0). (2)

Bai béo nay trinh bay mot dang tdng quat ctia hai tich trén bang cach tham s hoéa, goi la tich
g-stuffle, v4i tham s6 ¢ hoat dong trong mot treong moé rong cua truong cac sd hitu ti2 [2, 3, 4]:

Yk1s Yky € K U,V € Y*7 Yk, U H qYp, UV = Yk, (u L) qkaU) + Yk, (yklu e (Iv) + QYky +kso (u e (IU)'
Tt tich nay, cap dai s6 Hopf d6i ngau dwoc hinh thanh

(K(Y), w4, 1y, Acone, 6,8 0) = (K(Y), conc, Ly, A, 8, 8°).

1 A* ky hiéu tap hop tat ca cac tir vung tir bang chit cdi A bao gom ca tlr rong 1 4-.
2Khi ¢ = 0 hay ¢ = 1 tich nay tré thanh tich dan hay tich stuffle twong tmg.
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Cac két qua trong bai bao nay phan 16n da duoc cong bo trong nghién cttu [2, 4] nhung 6 day
chiing t6i trinh bay theo hiedng khac hon dua theo cach dan dit van dé ctia luan 4n [3] (xem thém
[6, 5, 7]). Két qua quan trong ctia bai bao nay 1a chiing minh sy dang cu ctia cac cau trtc dai s&
trong moi treong hop ctia tham s6 g. Ching t6i sé chiing minh (xem Binh ly 7)

@(w) = Z %(217721‘)[10]

. 4 21+ U
(i1,---vin)EC(|w]) F

la mot dang cau dai 58 tir (K(Y), w) vao (K(Y), wi ).

2. DAISO CUA TiCH DAN

2.1. T6 hop trén tir vung

Vi mot tap hop cac ky tw batky, A = {a;}icr, ma ta goi 1a mot bang chir cdi (alphabet),
mdi day htru han cac chir cai xac dinh mot tir. A* ky hiéu la tap hop tat ca cac tir tao nén tir bang
chit cai A bao gom ca tir réng3, dwoc ky hiéula 1 4-. Mbi chix cai cling la mot tir ¢ do dai b::fmg 1
va véi mdi th w = ay, ... a;,, a;, € Acoddodai|w| = k. Viéc dat lién tiép hai tir lién nhau dé tao
thanh mot tit mdi duoc goi la tich ghép (concatenation product) gitta hai tir d6. Tich ghép duoc
viét
Yu,v € A*, wuww=uv € A*. 3)
Vi mbi bang chir cai, néu ta dinh nghia mot thit tw nhat dinh cho cac chir cai thi cic tir vung cling
hinh thanh mét thi tw tir dién:

u < v néu ton tai w,u’, v’ € A*, a;,a; € A,a; < aj sao cho u = wa;u',v = wa;v'. 4)

Ta ky hiéu K vanh giao hoan (c6 don vi). Mot da thitc (hinh thitc) 1a mot t6 hop tuyén
tinh cac tir trén A* v6i hé s6 trén K va ta ky hiéu K(A) tap hop cac da thiie nhu vay. Khi d6 ta c6
thé viét

PeK({d)eP= Y (P|lww, (5)
weA*
trong do6 (P | w) ky hiéu hé s6 cua tir w trong da thitc P. Khi d6 A* cung voi tich ghép va phan
tie trung hoa 14+ 1ap thanh mot monoid va K(A) la mot dai s6 (twe do) khong giao hoan ctia A*.

2.2. Cau tric dai s6 ctia tich dan
Ttr dinh nghia cta tich dan ¢ cong thiic (1), ta mo rong tuyén tinh tich nay lén khong gian

cac da thiee: w : K(A) @ K(A) — K(A4), u ® v — uw v. Doi ngau? ctia n6 la mot ddi tich [14]
dwoc xac dinh boi

AL KA — K(A) @ K(4) (6)
woo— Z (w | vwv)uv.
u,vEA*

Clng v6ind, tich ghép, ky hiéu bdi conc, cling duwoc mo rong tuyén tinh trong tw va mot cap cau
truc dai s6 Hopf d6i ngau [14] duoc hinh thanh

Ho, = (K(A), cone, 14+, A, ,€) va H\U/J = (K(A), w, 1av, Acone, €), @)
trong do ¢ 1a anh xa 1ay ra héng sO tu do ctia mot da thuirc, tiec 1a

e: K(4A) — K, Pr— (P|14+). 8)

3Tl rong la day khong c6 ky tu nao.
*Hai tich d6i ngau theo nghia: véi moi u, v, w € A*, (A, (w) | u®v) = (w | ww v).
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3. DAI SO CUA TicH g-STUFFLE

3.1. Dinh nghia tich ¢-stuffle

Chting t6i xét bang chit cai gom vO han cadc ky tw YV := {yx | k > 1} vdi thit ty tir dién®
Y1 > Y2 > .... VOi tham s6 ¢ hoat ddng trong treong mé rong ctia truong cac sd hiru ti, tich
g-stuffle xac dinh boi cong thic truy hoi sau.

Pinh nghia 1 ([2, 3, 4]). Véi moi yx,,yx, € Y vau,v € Y,

uw gly« = ly-wu=u, 9)

Vidul. i) Véi Y2y1,Ysy1y2 € Y*, ta co

Yoy1 = qystiyz = Y2(y1 = gYayiye) + ys(yeyn i gy1ye) + qus (1 = gy1ye)
= Yoy1ysy1ye + 2023y Y + Y2usy1yeyr + qU2ysyiys + qy2ysys
+ queyay1ye + 2ysY2yiye + Ysy2y1yeyr + qYsyeyys + qysys
+ ysyIYeyiYe + 2YsYiYs Y + qUsYIY2Ys + qysyiyays + QY3192
+ qy3your + Y3y + 2qysyiye + qusyiYeyt + CYsyiys + ¢ Ysys-

Bang cach dung mot bang cc 6 vudng véi cac canh tuong ting véi cac chit cai dung nén
boi hai ttt yoy1, y3y1y2, trong do mdi doan xién twong tng véi tham s6 g va chi cai ¢6 chi
s6 bang tong ctia hai chi s8 cac chir cai & canh 6 vudng tuong ting, ta c6 thé quan sét tich
nay bang cach tim duong di dang phai-trén-xién® tir diém A dén diém B. Chang han:

B B
m m Y3

~ qYsY1Y291, ~ q2y§; ...
Y2 Ys Y2 Y3
A Y3 Y1 Y2 A Y3 Y1 Y2

Tich g-stuffle ctia hai ttr y2y1, y3y1y2 12 tong tat ca cac duong di tir A dén B theo cach trén.

ii) Khi ¢ = 1, tich stuffle (thuwong dugc ky hiéu gon boi wi) :

Youn B ysyiy2 = Y2(y1 wysyiy2) + ys(yeyr wyiye) + ys (Y1 = y1y2)

= Your1Ysyiye + 2Y23Y1Y2 + Y2ysy1yeyt + Y2ysyiys + Yaysys
Yoyay1y2 + 2U3Y29TY2 + Ysy2yry2y1 + Ysy2y1ys + ysys
Y3Y1Yey1Y2 + 2U3Y1Y5Y1 + YsY1Yays + YsY1Yay1 + Y3y1Ye
Y3ya1 + Yays + 29sYiye + Usyryays + Ysyiys + Ysys-

+ o+ +

iii) Khi ¢ = 0, bang cac 6 vudng khong con cac doan xién, dwong di lic nay c6 dang phai-trén,
va ta co tich dan:

Yoy1w ysyiye = Yo(y1w yzyiy2) + ys(yay1 w y1y2)
= YurYsyiye + 2920395 Y2 + Y2ysy1Yay + 2Y3Y2yiYe
+  Ysyay1Yey1 + YsYiYey1Ye + 2Y3y1Ya Y.

> < ho&c >ex, <iex ky hiéu thit tu tir dién clia bang chir cdi.
*Puong di chi di chuyén theo hudng sang phai, 1én trén hoic xién phai.
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3.2. Cau tric dai so caa tich g-stuffle

Dé€ thuan tién cho viéc tinh toan, ching t6i sit dung K la vanh da thirc mot bién ¢ véi hé
s6 trong truong Q, i.e. K = Q[g]. Tir dinh nghia trén, dé thay rang tich g-stuffle c6 tinh giao hoén,
két hop. Diéu nay dan dén hé qua rang, néu ta xem tich w , nhu la mot anh xa bang cach mo
rong tuyén tinh lén khong gian cac da thic K(Y),

=, KY) @ K(YY) — KY), u® v +— uw g,
ta duoc cau tric dai s6 cta tich ¢-stuffle.
Ménh dé 1. (K(Y), wi g, 1y+) la mot dai s6 giao hodn, két hop va cé don vi.
Mot cach tuwong tu nhu viéc hinh thanh mot cau trac dai s6 d6i ngﬁu cta tich dan, ta cling

c6 mot cau tric dai s6 Hopf ddi ngau d6i vdi tich g-stuffle. Trudc tién, ta dinh nghia mot doi dai
0, d6i ngau véi tich ¢-stuffle boi

A, KY) — K¥)@K(Y) (11)
woo—> Z (wuwv)u .
u,veEY *

Dai tich nay c¢d su tuong thich voi tich ghép thé'hién ¢ ménh dé sau.
Ménh dé€ 2. A ., la mft dong cdu ciia nhitng dai s6'két hop, c6 don vi doi v6i tich ghép. Tirc 107,
Vu,v € Y", A (w)=Auw (v)Aw,(v). (12)
Tir do ddi tich A v, c6 thé dwoc dinh nghia trén tdp sinh, biéh 1y« thanh 1y« ® 1y~ va xdc dinh trén cdc
chir cdi bdi cong thirc
A, (h) = w®ly-+1y-@ue+q > Yb QUryy Vyr €Y. (13)
ki +ka=k

Proof. Goi 6; la dnh xa xac dinh trén cac chit cai boi

Siie) = v ®ly-+ Ly @ +q > Yk OUryy YUk €Y.
ki1+ko=k

Ta m& rong anh xa nay 1én toan khong gian K(Y'), goi la A4, theo so d6 phd dung

— K{) @ K(Y)

y &
pT‘OJJ %

K{Y)

Qua dinh nghia nay, ta thdy réng A; phan bac nén xac dinh mét dnh xa doi ngéu, A, - KY) ®
K(Y) — K(Y), thu hep tir 4nh xa d6i ngau cua A; xac dinh tir Hom(K(Y) ® K(Y),K) vao
Hom(K(Y),K). Tt 1a, véi moi u,v,w € Y*, (ua,(u @ v) | w) = (u® v | Ay(w)). Ta sé chitng
minh s1a, chinh1a w . That vay, dé thay véi truong hop c6 tir rong

pa, (u® ly«) = Z (u® 1y« | Ar(w)) w = w.

wEY *

"Tich ghép trong khong gian K(Y') ® K(Y) duoc x4c dinh v6i moi uy, ug, v1,v2 € Y, (u; ®
1)1)(U2 ® ’U2) = U2 Q V1V3.
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Ta chting minh c6ng thitc truy hoi voi moi y;,y; € Y vau,v € Y* va st dung gia thiét quy nap
(d€ gon hon, ta ky hiéu 1 thay vi 1y« & cong thirc duwdi ddy),

pa, i @yp) = Y (uoyw | Aw)w=(gueyv|[1el)+ > (gudyu|A(w)w
wey* wWEY *

= 0+ Z (Yiu @ yv | Ar(yrwi)) yews
yrEY, w1 €Y*

= Y wueyu | k@ 1+ 10y +qa Y Yk @ Yky)A1(wr)) yews
yr€Y, w1 €Y k1+ko=Ek

= > wiueyv| (yr© 1A (wr)) yrw
YL EY, w1 EY*

+ > wuoyw| (1oy)A(w)) g
Y €Y, w1 €Y*

+ Z (yiu@y;v| (g Z Yk @ Uiy ) A1 (w1)) yrws

YLEY, w1 EY* k1+ko=k

(u@yjv | Ar(wr)) yiwr + (yiu @ v | Ay (wr)) yywr + q{u @ v | Ag(wr)) yigjwr
= Yk, (@ yv) +yipa, (Yiv @ v) + qYivipa, (u @ v)

biéu nay chung to r%mgAtuq = A;. O
Vidu 2.

Aw,(y1) = nOly-+1ly-@y, Aw,(y2) =30 ly-+ ly- ®y2 + qy1 @ 1,

A (y3) = BRly-+1y-@ys +q(y1 @ y2 + Y2 @ y1).

Nhu ta da thay ¢ trén réng (K(Y), Acone, €) la mdt d6i dai s6. Hon thé niva, ddi tich Aoy
va d6i don vi € con tuong thich voi tich g-stuffle hay néi khac hon, chiing 1a nhiing dong cau doi
vdi tich nay qua khang dinh sau day.

Ménh dé 3. B,* := (K(Y), w4, 1y, Aconc, ) la mdt song dai so.

Proof. Vi moi u,v € Y*, dé thay rang e(u w 4v) = £(u) w ,e(v) nho tinh bao toan bac cua tich
g-stuffle. Tiép theo, dua vao tinh déi ngau, ta chiing minh A, la d6ng cdu d6i vdi tich g-stuffle,
tacla (w; ® wy) o730 (Acone @ Acone) = Acone © 1 4. That vay, véi moi ug, vy, ug, v2 € Y*, ta
co

<Aconc o = q(ul ® Ul) ‘ Uz & 'U2> = <Aconc(u1 L q'Ul) | Uy & U2>
= (uywgvr | conc(ug @ v2)) = (u1 @ v1 | (A, o conc)(uz @ va)).

Vi A, la dOng cdu ddi véi tich ghép (xem Ménh dé 2), tong nay 1a®

(u1 @ vy | (conc @ conc) otz 0 (A, ® A, )(uz @ vz))
= <( g & q) O 723 O (Aconc & Aconc)(ul ® Ul) ‘ Uz & 1)2>~

Ta c6 diéu can chiing minh. O

Luu y rang, véi dinh nghia trong ctia tit w = yy, .. . yx, 1a tong cac chi 8 tat ca cac chit cai
cua tt, ticla (w) := ki + ...+ ky,, ta thady réng tich g-stuffle va d6i tich A, déu co tinh phan bac
theo trong ctia tlr. Diéu nay dan dén hé qua rang chting 1a mot cau trtc dai s6 Hopf [8]. Hon thé
nita, tinh ddi ngau cua cac tich va d6i tich cho ta mot cau tric dai s6 Hopf hinh thanh dong thoi
nhu sau.

879 3 ky hiéu mot anh xa tuyén tinh biéh u ® v thanh v ® u v&i moi u,v € Y'*.

5



Dai s6'cuia tich dan va cdc dang twong dwong

Ménh dé 4. (K(Y),conc,ly«, A, ,€) la mdt song dai so.

Proof. St dung két qua ciia Ménh dé 2. Ta chi can chitng minh (K(Y'), A, , €) la mot d6i dai s6.
Ciing nho ménh dé nay, ta chi can chitng minh tinh két hop ctia ddi tich A, trén cac chit cai.

Véi mdi yy, ta cd’

That vay,

(Atuq X ’Ld)Ath(yk)

Tuwong tu, ta cling cd

(1d @ A )A s, (yr)

(A, @ id) A, (ge) = (1A ® A, ) A, (y1)- (14)

(A, @id) (e @y + 1y ©ue a3 v O )
ki1+ko=k

Y @ ly @ 1y + 1y« @ yp @ Ly
q Z Yky @ Yky @ Ly= 4+ 1y= @ ly= Q@ yp

ki1+ko=k
¢ > (yk1 Olys +1ly- @y, +4 Y. Yk, ® yk) ® Y,
k1+ko=k ki,1+k12=k1

Y Qly- @ly« + 1y Qup @ ly» + 1y~ @ 1y« @ yi

¢ D Yk Oup, @y +yp, @ 1y Quyp, + ly- @ yp, @ i,
ke +ho=k

q2 Z (yk1 & Yy @ yk:}) .
k1+kao+ks=Fk

Y Qly« @1y + 1y« Qup @ Ly« + 1y @ ly» Q@ yg

q Z (yk1 Y Yko by 1Y* + Yky ® 1Y* & Yko + 1Y* & Yk, Y ykz)
k1+ko=k

Y Uk @Yk Uy
ki+ka+kz=k

Miit khac, véi moi chit cai vy,

(idoe)oAuw, () = ()Y ®ly-+1y-®@uUct+q Y Uk ©Urs)

k1+ko=k
= (c@id)o A, ().

O

Hon thé nita, ta biét rang néu mot song dai s6 (B, i1, 15, A, €) ¢6 tinh phan bac?, lién thong
(khdng nhat thiét giao hoan), ta c6 thé tinh toan giai tich trén 1an can ctia 1 ddi véi tich chap!!
(convolution product), ky hiéu boi +, theo cach sau. Véi e = 15 o ¢ 1a phan ti trung hoa cta tich
chéap. Bang cach viét Idg = I = e + I, ta c6 hai phép chiéu ctia phan tich B = By @ (EBn>1 Bn).
Gia st T(1+ 2) = 3,5 an 2", ta c6 the thiét 1ap T'(1) boi'?

T(I)=age+ Y an (IT)™". (15)

n>1

%id ky hiéu anh xa dong nhat trong K(Y').

OB = @, cn Bn, tat ca cac phan tir (1, 15, A, €) 1a phan bac va By = K.15
UTich chap ctia S,7 € Hom(B,B)1a SxT = o (S®T)o A

2Trén thuc t&, véimoi b € B, tdng >, <, an (I7)*(b) 1a hitu han.
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Tinh toan nay rd rang twong thich véi tich chdp vi véimoi S, T € KJ[1 + z]], taco S(I) x T(I) =
ST(I). Diéu nay cho phép ta tinh duoc antipode véi chudi (1+ X))~ =3 >o(—1)" X™ vaxahon

véi chudi log(1 + X) = D>t (0" e,

n

Déi véi viée ton tai antipode, biét rang

S=I""=(e+I"y =) (- (16)

n>0
Trong moi truong hop'®, ta ludn c6
e=SxI=Sx(e+I")=5+8SxIT=S=e—SxIT=e—po(S®@IT)o A. (17)

Dé ¥ rang, cong thiic nay cho ta mot cach tinh truy hdi d€ tim antipode mdi khi A, ldiy linh
[10]. Trong truong hop khac, viéc tinh todn nay cé thé van duwa dén mot antipode nhu mong
mudh, chang han nhu khi mot dai s Hopf chita mot phan ti ki€u-nhém (group-like) g # 1, ta cd
S(g)g =1vagS(s) =1chonén S(g) =g~ 1.

Do vay, gia stt +; la tich chap trong Hom/(B,*, B, ), khi d6 (I")*" = w ' o (IT)®" o
ATl va song dai s6 qu trd thanh mot dai s Hopf

conc?

H\L/ij = (K<Y>a tﬂqle*aAconcv&qu)a (18)

q

véi antipode § *'« duoc x4c dinh boi

§Fa(w) =Y (=1 (I (w). (19)

k>0

Hon nira, antipode 8§ *” 7 con dugc xac dinh béng cong thiec truy hoi [2,4,8,15]: S a(1y«) = 1y,
va véi moi tir w, (w) > 1,

SHa(ly«) =1y, S¥(w) = —w (S @ IT)Asone(w),Yw € Y*\ {1y} (20)
Chting ta sé trinh bay mot cdch twong minh viéc xac dinh cong thiic nay. Trudc hét, véi mbi s6'
nguyén duwong m, ta goi J = (i1,...,4,) lamot hop thanh chamnéu iy +. . .+i, = m (véiiy € N>q).

Mbi hop thanh nay tdc dong 1én tir c6 dd dai m nhu mot anh xa tit KY™ — KY™. Cu thé, gia st
W = Yk, - - - Yk,,, ta dinh nghia

J[w} = qm_nyk1+m+kil Ykiy 1+ tkiy ==~ Yki 14 Akm - (21)

Ta ky hiéu C,, 1a tap hop tat ca cac hop thanh cua m. Khi dé antipode xac dinh béi cong thiee dudi
day.

Ménh dé 5. Vi moi w = yy, ...yx, € Y*, antipode S« dwoc xic dinh béi

SHa(w) = (=)™ > Tk - Y- (22)

JeCm

Vidu 3. V6iw = ys,¥s, Ys,, ta cd cac hop thanh ctia m = 3 va cac tac dong twong tng;:

Ji = (L1L1) = J1Ys1YssYss] = YsiYsaVUsss Js = (1,2) = J3[¥s,YssYss] = QYsy Ysotsss

Jo = (2a 1) - J2[y81y82y53] = QYsi+s3Ysss Jg = (3) - J4[ysly32y33] = q2y81+52+83'
Do dé
S = q(yslyszyés = Z J yb1 y52y53 = _ysl y82y83 - q(y51+82y83 + y81y52+53) - q2y81+82+83'

JeCs

BA . laldy linh dia phwong hodc khong.
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Proof. (Ménh d€ 5) V6i tlr w = y, - . . yk,,, khai trién cong thirc (20), ta duoc

m—1
Stﬂ ykl . j) Lijq(ykj+l e ykm) (23)
7=0
Tir day ta dé& dang c6 duoc két qua bang cach str dung gia thiét quy nap (xem [2, 4, 3]). 0O

Mot cach twong tw, ta cling xay dung mot cau truc dai s6 Hopf (xem [2, 4, 3])
Huw, = (KY), cone, 1y, Ay, €,85;7). (24)

Trong do antipode Sg°"¢ dwoc xac dinh boi cong thiic

Sgeme(w) =Y (=1)F(IH)*F(w), (25)

k>0
trong do, 2 ky hiéu tich chap cua song dai s6 (K(Y'), cone, 1y«, A .»€). Hay 6 hon
S5 (w) = —cone(S @ TT) Ay, (w). (26)
Uéc lwgng cong thirc nay, chiing tdi thu duoc cong thikc teong minh sau (xem [2, 4, 3)).
Ménh dé 6. Véi mdi tir w,
secwy= 3 (),

veJ—1[@]

trong d6 W = Yy, - - . Y, NEU W = Yp, ... Yk, 00 w] = {v | supp(Jv]) = w v6i mbi J € Cy}.

4. DANG CAU GIUA CAC PAI SO

C4u truc dai s6 Hopf vira thanh 14p & trén bién dang theo tham s6 ¢, nhung ching luén
bao toan bac trong moi treong hop. Hon thé nita, ching con dang cau véi nhau thong qua anh
xa ma ta sé€ xay dung dudi day.

Xét anh xa tuyén tinh ¢ : K(Y) — K(Y) v6i (1) = 1 va véi mdi tir khdc rdng w € Y*,

1 ) -
p(w) = > T i) o
(i17“'1ik)ec(‘w|) 14 2k-

Vidu4.

2
q q
O(Ys1Ys2Yss) = Ys1 Ysa¥ss + §(y51+82y53 + Yoy Ysotss) + gy81+82+83~

Dinh 1y 7. o thanh lgp nhw trén la mot dang ciu dgi s6'tie (K(Y'), w) vao (K(Y'), w ).

Proof. (Xem thém [11]) Trudc hét, ta chiing minh ¢ 1a mot dong cau, tiecla voi moi u, v, p(uw v) =
o(u) i p(v). Giad st u = ys, ... Ys,, V0 = Yz, - - - Ys,,. D& thay rang ¢(u w v) va (u) w ,p(v) 1a da
thitc ciia nhitng tir c6 dang'*

[urv1] ... [uvy], (28)

trong do, Ul up = uvavy...v; =vvavéimdil < i <, c6nhifu nhat u; hodc v; 1a tir réng.
Ta thay rang, thanh phan (28) xuat hién trong p(u) = ,p(v) v6i hé sd (khong bao gom tham s

q) la W Mat khéc, (28) xuat hién trong ¢(u w v) tit cac thanh phan cta tich uww v 1a
|lugvg |l Jugo|!
T Tor [T ot Sau d6 ap dung qua anh xa ¢ voi hé s6 m

14Véi mbi tie w =y, ... Yk, ta ky hiéu [w] = [y, -+ Yk, ] = " Yky otk -

8
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Dé€ chiing minh tinh déng cau, ta viét lai

p(w) = Z @iy ooy (1, .y i) W],

(i1,..sin) EC(Jw])

trong d6, a;, = 71,V1 <1 < kvadéy rang a;, chinh 1a hé s8 ctia ¢ trong khai trién Maclaurin ctia
ham s8 f(t) = exp(t) — 1. Ta sé chttng minh nghich dao cua ¢ la

Y(w) = Z bjy b (s -5 Jw) [w],

(J1,-dk)€C(w])

trong d6 bj, = (_1;#, V1 <1 <k, chinh 1a hé s cua ¢/ trong khai trién Maclaurin ctia f~!(t) =
log(t + 1) trén mién D = (0, o). That vay, véi mdi K = (ki, ..., k) € C(|w|), hé s6 ctia K [w] trong
Po(w) 1a®

Z bj1 ...bjlail ...aiw. (29)
JoI=K

Ta phai chiing minh réng biéu thtec (29) béng 1 néu K 1a day (1,...,1) va bang 0 cho cac truong
hop con lai. Ta c6 thé thdy di€u nay bang cach xem cdc bién ¢y, to, . .. 1a giao hoan va (29) chinh la
hé s& cta t§' ...t trong khai trién ¢, ...t; = f~1(f(t1)) ... f(f (). O

Hon thé'nita, ddng cdu dai s6 ¢ con twong thich véi doi tich va antipode (Xem thém [11])
dé thue s 1a mot dang cau dai s6 Hopf gitra hai cau truc dai s6 nay.

5. KET LUAN

Bang cach dua vao mot tham sd ¢ biéh dang, chting tdi da dinh nghia mot dang tong quét
caa tich dan va tich stuffle, goi tit 1a tich ¢-stuffle (s 4), c6 nhiéu y nghia toan hoc. Tt tich nay,
mot cap dai s6 Hopf d&i ngau da hinh thanh va ching luon dang cau véi nhau trong moi trueong
hop ctia tham s6 ¢. Nhiing két qua nay lam nén tang cho nhiing nghién cttu sdu hon va chung toi
sé€ stt dung chung trong viéc tim cu trac cuia cac ham dac biét sé dwoc trinh bay ¢ cac nghién ctru
tiép theo.
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ABSTRACT

The goal of this paper is to explore a general form of the shuffle and stuffle
products by giving a parameter ¢ which belong to a field extension of the field
of rational numbers. Such a parameter ¢ gives rise to a Hopf algebra which
is proved to be isomorphic to the shuffle Hopf algebra.

Keywords: Hopf algebra; shuffle product; quasi-shuffle product; algebra in words.
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